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Abstract 

Let a : [0, 1] — > R be a Lebesgue-almost everywhere positive function. We consider the 
Riemann-Liouville operator of variable order defined by 

(R a( - } m) ■■= j^7~~{7\\ A* - s)Q(tK1 /(s) ds ' * € [0 ' 1] ' 

"(<*(*)) Jo 

as operator from L p [0, 1] to L q [0, 1]. Our first aim is to study its continuity properties. 
For example, we show that R a ^ is always bounded (continuous) in L„[0, 1] provided that 
1 < p < oo. Surprisingly, this becomes false for p = 1. In order R a ^ to be bounded in 
Li[0, 1], the function a(-) has to satisfy some additional assumptions. 

In the second, central part of this paper we investigate compactness properties of R a ('\ 
We characterize functions a(-) for which R a ( is a compact operator and for certain classes 
of functions a( ) we provide order-optimal bounds for the dyadic entropy numbers e n (R a ^) 
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1 Introduction 



Different kinds of integration of variable order were introduced in [25] "stimulated by intellectual 
curiosity" with the "hopeful expectation that applications would follow". Actually, it happened 
that just few years later the wide field of applications emerged independently in probability 
theory under the name of multifractional random processes, see [2j [6j [IT] , to mention just a few. 
These processes are in a natural way related to the integration operators of variable order. 

Subsequent development mainly led to considering these integral operators in the spaces of 
varable index, such as Lebesgue spaces L p r.\ and Holder spaces H a ('\ see e.g. [22], [23], [21], as 
well as to a theory of differential equations of variable order. 

Since our motivation comes from probability theory, we are not interested in such elabo- 
rated concepts as L p i\ or H a ('>. Instead, we consider the integration operators in conventional 
Lp-spaces and study their approximation properties - those closely related with the important 
features of associated random processes. We are aware about only one work [26] relating proba- 
bility with fractional integration operators of variable order. However, the operators in [2B] are 
different from ours and the emphasis there is put on large time scale properties such as long 
range dependence. 

To be more precise, let a : [0, 1] — >• M. be a measurable function with a(t) > a.e. For a 
given function / we define R a ^ f by 

(R^m) ■.= -±-r- [\t- s r^- i f( S )ds, <e[o,i]. (i.i) 

r(a(i)) Jo 

The basic aim of the present paper is to describe properties of R a<y '\ e.g. as operator in L P [Q, 1], 
in dependence of those of a(-). One of the questions we investigate is in which cases R a ^ defines 
a bounded (linear) operator from L p [0, 1] into L g [0, 1] for given 1 < p, q < oo. Recall that in the 
classical case, i.e., if a(t) = a for some a > 0, then this is so provided that a > (1/p — l/q) + . 
Moreover, even in the critical case a = 1/p — 1/q > the classical Riemann-Liouville operator 
is bounded whenever 1 < p < 1/ot. If q(-) is non-constant, we shall prove the following: 

Theorem 1.1 Suppose 1 < p < oo. Then for each measurable a.e. positive a(-) the mapping 
R a ^ defined by (JUJ is a bounded operator from L P [0,1] to L p [0, 1]. Moreover, the operator 
norm of the R a (> is uniformly bounded, i.e., we have 

\\R a ^ :L P [0,1] ^L p [0,l]\\ <c p (1.2) 

with a constant c p > independent ofa(-). 

In contrast to the classical case of constant a > it turns out that Theorem II .11 is no longer 
valid for p = 1. We shall give necessary and sufficient conditions in order that R a ^ is bounded 
in L\[0, 1] as well. Furthermore, we also investigate the question for which a(-) equation (jl.ip 
defines a bounded operator from L p [0, 1] into L q [0, 1]. 

If a(t) = a with a > (1/p — l/q) + , then R a is not only bounded from L p [0, 1] to L q [0, 1], 
it even defines a compact operator. Thus another natural question is whether this is also valid 
provided that a(t) > (1/p — l/q)+ a.e. We investigate this problem in Section [5l It turns 
out that R a ^ acts as a compact operator from L p [0, 1] into L q [0, 1] provided that q(-) is well 
separated from the border value (1/p — l/q) + . What happens if a(-) approaches the border 
value? We investigate this question more thoroughly for p = q. The answer is that R a ^ is only 
compact if a(-) approaches the critical value zero extremely slowly. 
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Suppose now that a(-) is well-separated from the border value (1/p — l/q) + . Hence, R a ('> 
is compact and a natural question is how the degree of compactness of R a ^ depends on certain 
properties of the underlying function a(-). We shall measure this degree by the behavior of 
the entropy numbers e n (R a ^). The answer to this question is not surprising: The degree of 
compactness of R a ^ is "almost" completely determined by the minimal value of a(-), i.e. by 
the value ao := info<i<i a(t). Extra logarithmic terms improve the behavior of e n (R a ^) in 
dependence of the behavior of a(-) near to its minimum. For example, if a(t) = ao + At 7 for 
some A, 7 > and «o > (1/p — l/q)+, then it follows that 

i \ n~ a ° 
e n (R a{) : LJO, 1] -> L q [0, 1]) -, 17 1/w . 

Thus, in view of the extra logarithmic term, the entropy behavior of R a (' is slightly better than 
n~ a ° , the behavior of e n (R a °). 

To prove entropy estimates for R a ^ we have to know more about the entropy behavior of 
classical Riemann-Liouville operators. More precisely, suppose R a is the classical operator for 
some a > (1/p — l/q) + . Then it is known that 

C a := supn a e n (R a ) < oo 

n>l 

where R a : L p [0, 1] — > L q [0, 1]. Yet we did not find any information in the literature how these 
constants C a depend on a. We investigate this question in Section^ In particular, we prove that 
the C a are uniformly bounded for a in compact sets. The presented results may be of interest 
in their own right because they also sharpen some known facts about compactness properties of 
certain Sobolev embeddings. 

The organization of the paper is as follows: In Section [2] we first show that the integral (jl.ip 
is well-defined for all / E L\ [0, 1] and we state some weak form of a semi-group property for 
R a ('\ Section [3] is devoted to the question of boundedness of R a ('. More precisely, we prove the 
above stated Theorem 1 1 . 1 1 and also characterize functions a(-) for which R a ^ defines a bounded 
operator from L p [0, 1] into L g [0, 1]. Let < r < oo be a given real number and let a(-) be a 
function on [0,r] possessing a.e. positive values. Then R a ('' f is well-defined for / G L p [0, r\. 
We investigate in Section H] how R a ^ on L p [0,r] may be transformed into an operator defined 
on L p [0, 1]. In Section [5] we characterize functions a(-) for which R a ^ is a compact operator 
in L p [0, 1]. Here we distinguish between the two following cases: Firstly, the function a(-) 
approaches the border value at zero and, secondly, the critical value of a(-) appears at the right 
hand end point of [0, 1]. As already mentioned, in order to investigate compactness properties of 
R a (') we have to know more about those of classical Riemann-Liouville operators. We present 
the corresponding evaluations in Section [6l Starting with some general upper and lower entropy 
estimates for R a ('\ which are presented in Section [TJ we obtain in Section [8] sharp estimates for 
the entropy numbers e n (R a ^) for concrete functions a(-). 

Acknowledgement: The authors are very grateful to Thomas Kuhn (Leipzig University) for 
very helpful discussions about Proposition 16.31 He sketched an independent proof of (|6.5p and 
some of his ideas we incorporated in the proof presented here. Furthermore we thank Hermann 
Konig (Kiel University) who indicated to us another direct approach (without using Besov 
spaces) for estimating a n (R a ) uniformly. 

The research was supported by the RFBR-DFG grant 09-01-91331 "Geometry and asymptotics 
of random structures". Furthermore, the first named author was supported by RFBR grants 
10-01-00154a and 11-01-12104-ofi-m. 
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2 Basic properties of R a ^ 

Throughout this paper we always assume that a : [0, 1] — > [0, oo) is a measurable function 
satisfying a{t) > for (Lebesgue) almost all t G [0,1]. Our first aim is to show that the 
generalized fractional integral (|l,ip exists a.e. Before let us introduce the following notation 
used throughout this paper: We set 



inf T(t) w 0.8856031944. 

0<i<oo 



(2.1) 



Proposition 2.1 For f G Li[0, 1] the function 



(lf»M/)(t) := -J— At-,) 



a(t)-l 



/(*) ds 



is well-defined for almost all t G [0, 1]. 

Proof: For (3 > define the level sets Ap of a(-) by 

^ := {i G [0, 1] : a(t) > f3} 
Then, if / G Li[0, 1], / > 0, it follows that 
1 



l An - r («(*)) / 



< 



1 



\a(t)-l 



/(s)ds 



A', 



JO 



dt 



/(s)ds< 









dt < 


/ 










l/lli 






/3A 







(t-^-i/( 8 )da 



dt 



with Kq > defined by (|2,1|) . Hence, whenever / G £i[0, 1], then [R a ^> f){t) exists for almost all 
t G Ap. Consequently, taking a sequence (/3 n ) n >i tending monotonously to zero, (R a ^ f)(t) is 
well-defined for almost all t G U^Li A#n- Moreover, by a(t) > a.e. the set U^Li As« possesses 
Lebesgue measure 1, and this completes the proof. □ 

Definition 2.1 Given / G Li[0, 1], the function R a ^ f is called the Riemann-Liouville frac- 
tional integral of / with varying exponent a(-). In the case of real a > we denote by R a f 
the classical a-fractional integral of / (in the sense of Riemann-Liouville) which corresponds to 
R a ^f with a{t) = q, < t < 1. 

One of the most useful properties of the scale of classical Riemann-Liouville integrals is that 
it possesses a semi-group property in the following sense: Whenever a, ft > 0, then we have 



R 



a+/3 



R a oR 



In the case of non-constant a(-) and /?(•) such a nice rule is no longer valid. Only the following 
weaker result holds: 

Proposition 2.2 (|25j. Theorem 2.4) For any a(-) and any ft > we have 

jfa(-)+P = o R f> . 

Proof: The proof is exactly as in the case of real a > 0. Therefore we omit it. □ 

Remark: As already mentioned in [25], neither R?oR a ^ = R a (-)+e nor R a ^oR^ = #«(•)+/?(•) 
are valid in general. 
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3 Boundedness properties of R a ^ 

3.1 R a ( ' as an operator in L p [0, 1] , 1 < p < oo 

In the case of real a > by (jl.ip a bounded linear operator R a from L p [0, 1] into L p [0, 1] is 
denned. Moreover, as easily can be seen (cf. also [1]) it holds 

\\R a : L p [0, 1] L p [0, 1]|| < - 1 < ^ 

for all a > and 1 < p < oo. Thus it is natural to ask whether or not R a ^ defines also 
a bounded operator in L p [0, 1] for non-constant functions a(-). The answer to this question 
depends on the number p. The positive result was stated in Theorem 11.11 Our next aim is to 
prove it. 

Proof of Theorem 11.11 The case p = oo easily follows by 

\{R a Uf){t)\ < — i-- f\t - s)^- 1 ds ■ H/IU < TV II /J°° - < 



r(a(t)) J y ' " r(a(t) + l) - ' 

Suppose now 1 < p < oo. For each / £ L p [0, 1] its maximal function Mf (cf. [27J, II (3)) is 
defined by 

(Mf)(t) := sup T |/(t - «)| di; , t 6 R . 
r>o 2r J_ r 

Hereby we extend / to R by f(t) =0 whenever £ ^ [0, 1]. The basic property of Mf is that it 
fulfills the so-called Hardy-Littlewood maximal inequality (cf. [27], Theorem 3.7., Chapter II), 
asserting that for each p > 1 there is an A p > such that 

\\Mf\\ p <A p \\f\\ p , /a p [0,l]. (3.1) 

To proceed, choose / G L p [0, 1] with / > and a number i G [0,1] for which simultaneously 
a(t) > as well as (Mf)(t) < oo hold. Note that the set of those numbers t possesses Lebesgue 
measure 1. To simplify the notation let us write a instead of a(t) for a moment. Then we get 

~f s*- 1 f(t - s) ds = -L r s «-l dMt ( S ) (3.2) 
r («) 7o r («) Vo 

where ^ is the Borel measure on [0, t] with density v \— > f(t — v). Let 

F t (s) :=MM) = / /(t-w)di;, 0<s<t, 
J o 



then it follows that 

r 8 a - x dm{ s ) = f {a-i)s a - 2 m{[ s ,t}) ds 







f\a-l)s a - 2 [F t (t)-F t (s)} ds 
Jo 

t^Ftit) -{a -I) ! s a - 2 F t (s) ds . (3.3) 
Jo 



By the definition of Mf it holds 

F t (s)<2(Mf)(t)-s, 0<s<t, (3.4) 
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which, in particular, implies that the right hand integral in (j3.3[) is finite by the choice of t. 
Let us first investigate the case a > 1. Then (|3.2p . (|3.3p . and (j3.4j) imply 



(#*>/)(*) < = ^W)(*) , (3.5) 

1 (a J 1 (a) 

Now, if < a < 1, then ([321), ([331) and ([33]) lead to 



T(a) y JJK ' r(a) 

Combining f)3.5j) and (|3.6p we see that there is a universal c > (we may choose c = 2/Kq) such 
that for almost all t G [0, 1] 

(tf^/Xi) < ct Q W(M/)(t) < c(M/)(t) . 
Consequently, since p > 1, we may apply f)3. 1|) and obtain 

II^/IIp < cA p 



for all non-negative functions / G £p[0, 1]. 

Finally, if / G £ p [0, 1] is arbitrary, we argue as follows: 

WR^fWp < \\R a{ -\\f\)\\ P < cA p \\\f\\\ p = cA p 
and this completes the proof. Note that the last estimate yields 

\\R a U :L P [0,1] ^L p [0,l]\\ <cA p , 
hence also (|1 .2|) with c p = cA p . □ 

Remark: The idea to use maximal function as an estimate for fractional integrals appeared 
earlier in [3], for a different purpose. 

3.2 R a ('> as an operator in Li[0,l] 



Inequality (|3.ip fails for p = 1 . Therefore the previous proof does not extend to that case and it 
remains unanswered whether Theorem 11.11 is valid for p = 1 . We will prove that the answer is 
negative, i.e., there are measurable a(-), a.e. positive, such that R a ^ is not bounded in Li[0, 1]. 

Before doing so, let us mention that (|3.ip has the following weak type extension to p = 1 (cf. 
|27j . Theorem 3.4, Chapter II): There is a constant c > such that for all / G L\[0, 1] we have 



\{te[0,l}:(Mf)(t)>u}\<c^, u>0, 

u 

where, as usual, \A\ denotes the Lebesgue measure of a set ACM. By the methods developed 
in the proof of Theorem 11.11 this yields the following: 

Proposition 3.1 There is a universal c > such that for all measurable, a.e. positive a(-) we 
have 



\{t G [0, 1] : \(R a ^m)\ > u}\ < , u > 0. 



u 



In different words, R a ^ is a bounded operator from Li[0, 1] into the Lorentz space Li tOO [0, 1]. 
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The next result gives a first description of functions a(-) for which R a (~> acts as a bounded 
operator in L\[0, 1]. 

Proposition 3.2 Given a(-) as before, the mapping R a ('> is bounded in Li[0, 1] if and only if 



sup 

0<s< 



iJs r ("(*)) 



(3.7) 



Moreover, in this case 



\\R a U -.L^l)^ ^[0,1)11= sup [ 1 —l—(t- s y®- 1 dt. 

0< s <iJ s r(a(ij) 

Proof: Suppose first that (|3.7p holds. Given / G Li[0, 1] it follows that 



\R a Uf\\i 



T(a(t)) 



(t-sr^~ 1 f(s)ds 



dt 



5 iMfm*--^ 1 " 



\m\ds 



< sup 

0<s<l Js 



^(i-^dtl/li. 
r(a(t)) 



Hence, R a ^ is bounded and ||i2 a(-) || < supg^j J s r7Smj(* ~ s) a(t)_1 . 
Conversely, if R a ^ is bounded in Li[0, 1], then 



sup 

0<s<lJ s 



1 jf^it ~ 8)*®- 1 dt 

T(a(t)) 



esssup 0<s<1 



r(a(t)) 



sup 

|i<l,/>0 Jo 
sup H^'Vlli < ll-R^II , 

|i<l,/>0 



f(s)ds 



and this completes the proof. 



□ 



Remark: In particular, Proposition 13.21 implies that R ^ is bounded as operator in Li[0, 1] if 
a(-) is separated from zero, i.e., if info<f<i a(t) > 0. Of course, this may also be proved directly 
by the estimates given in the proof of Proposition 12.11 

Corollary 3.3 For bounded functions a(-) condition (|3.7p is equivalent to 



sup 

0<s<l 



a(t) (t - s)^- 1 dt 



< oo . 



Proof: This is a direct consequence of Proposition 13.21 and 

K < T(a(t) + 1) < max{l,r(ai + 1)} 
provided that sup <(<i a(t) = a\ < oo . 



(3.8) 



□ 
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Proposition 3.4 Let 

<*) = { ";" : e -^<t<i, < 3 - 9 > 

T/ien is not bounded in Li[0, 1]. 

Proof: We show that (|3.8p is violated. This follows by 



sup /* a(t) (t - a)"®- 1 dt > lim f a(t) (t - s)^' 1 dt 

0<s<lJs s ^°Js 

f Ql 1 

> lim / — — - e _1 dt = oo . 

s->o y s 1 1 In 1 1 

Hence R a ^ cannot be bounded in Li[0, 1]. □ 



Remark: In view of Proposition 13.11 the Closed Graph Theorem implies the following: If a(-) 
is as in (|3.9|) . then there are functions / G i>i[0, 1] such that R a ^f ^ £i[0, 1]. 

For concrete a(-) condition (|3.7p might be difficult to verify. Therefore we are interested in 
criteria which are easier to handle. Fortunately, under a weak additional regularity assumption 
for a(-) such a criterion exists. 



Proposition 3.5 Assume that a(-) is bounded and satisfies the following regularity condition: 
3ci,C2 > suc/i i/iai 

cia(s) < a(t) < c 2 a(s), s < t < min{2s, 1}, < s < 1 . (3.10) 

Then the operator R a ^ is bounded in L± [0, 1] if and only if 

f 1 a(t)t a ®- 1 dt< oo (3.11) 
J o 

holds. 

Proof: Assume first that (|3,lip holds. We will check that the expression in (|3.7p is finite. For 
any s £ [0, 1] we have 

1 i / /■min(2s,l) /-l \ i 

(* _ dt=[ + / — (i - s)^*)- 1 dt . 



r(a(t)) 

Ws ./ min(2s,l) / r(a(t)) 

For the first integral by (|3.1Up we obtain 

min(2s,l) i i ;»min(2s,l) 

T(a(t)) Kq J s 

1 

7^ 



-I />min(2s,l) 

< -rr- / c 2 a(s)(t-s) cia ( s )- 1 di 



< ^rc 2 a{s) ^ {t-sf^-UtK '" 2 

K Js 



KqCi 
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To estimate the second integral we use (|3.1ip which implies 

T (t ~ ST®' 1 dt < ± C a(t)(t - a)*®- 1 dt 

i r 1 fi «\ fl W- 1 



tt ( t )t«(*)-iri_ij dt 

< / a{t)t a ^- x dt 

Jmin(2s,l) 

< — f ait)^- 1 dt < oo. 
#o Jo 



^0 7min(2s,l) 
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Thus the supremum in (|3.7p is finite and we see that operator i? ^') is bounded in Li[0, 1]. 

Conversely, assume that operator is bounded in Li[0, 1]. Then the supremum in ([37 
is finite and by Fatou's lemma and by Proposition 13.21 it follows that 

f 1 - -. rr t*®- 1 dt < limmf ^ (t-s) a ^- 1 dt< \\R a ^\\ < oo . 

This completes the proof. □ 



3.3 R a{ as an operator from L p [0, 1] to LJO, 1] 

The aim of this subsection is to investigate the following question: Given 1 < p, q < oo, for 
which a(-) is R a ('' bounded from L p [0, 1] into L q [Q, 1} ? Let us first recall the answer to this 
question in the case of real a > (cf. Theorem 3.5 in |21j and Theorem 383 in |12j). 

Proposition 3.6 If a > — |)+, then R a is bounded from L p [0,l] into L q [0,l]. Moreover, 
if 1 < p < 1/ot, then R a is also bounded from L p [0, 1] into L q [0, 1] m t/ie borderline case 
l/q = l/p — a. 

For variable functions a(-) we have the following result. 

Proposition 3.7 Let p > 1 and g < oo. For any a(-) satisfying a(t) > (| — ~)+ /or almost all 
t € [0, 1], i/ie operator R a ^ is bounded from L p [0, 1] into L 9 [0, 1] . 

Proof: If p > q, then we have (| — -)+ = 0. Thus let us take any a(-) > a.e. The operator 

R a (' : L p [0,1] —7- L q [0, 1] may be considered as composition of R a ^ : L p [Q, 1] — >• L p [0, 1] with 
the (bounded) embedding from L p [0, 1] into L q [0, 1]. Theorem 11.11 applies to R a ('> as operator 
in L p [0, 1] (recall that we assume p > 1) and we obtain the boundedness of the composition, 
hence of R a ^ from L p [0, 1] into L q [0, 1]. 

If p < q, set /3 := l/p — l/q , hence by assumption a(t) > (3 a.e. In view of Proposition 
I2T21 we may write R a : L p [0,l] -> L,[0, 1] as the composition of : LJ0,1] -> L,[0,1] 

with i?^ : L p [0, 1] — S- L 9 [0, 1]. Proposition 13.61 yields the boundedness of R@ (recall that our 
assumption q < oo guarantees that p < 1/(3), while Theorem 11.11 applies to and we 

obtain the boundedness of the composition. □ 
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Finally, let us briefly dwell on the case q = oo excluded in the previous proposition. Assuming 
a(-) > ^ a.e., that is necessary anyway, in this case we have 



\R a U :L P [0,1] ^Loo[0, 



sup sup 

l/ll»<io<t<i 



sup sup 

o<t<i ii/iu<i 



= sup ^— \[\t-s)^-Wds 
o< t <i T(a(t)) [J Q 

1 1 jaW" 1 /? 



(p') 1/p ' oS<i T(a(t)) (a(t) - l/p)W • 
Hence, the necessary and sufficient condition for boundedness of R a ^ is 



sup t 

0<t<l 



a(t)-l/p 



(a(t) - l/ P r 1/p ' < oo. 



In particular, if R a ('> : L p [0, 1] — > L^O, 1] is bounded, then a(-) is uniformly separated from | 
outside any neighborhood of zero. 

4 Scaling properties 

The aim of this section is as follows: For a number r > and a function a(-) on [0,r] being 
a.e. positive we regard R a ^ as operator from L p [0, r] into LjO, r], i.e., given / € L p [0, r] it holds 

The question is now, how the operator R a ( ") acting on [0, r] may be transformed into a suitable 
iT(-) acting on [0, 1] . 

To answer this, let us introduce the following notation: For 1 < p < oo we define the isometry 
J p :L p [0, l]->L p [0,r] by 

Jpf(s) := r-Vv f(s/r) , 0<s<r, 
with the obvious modification for p = oo. Furthermore, we introduce a function a(-) on [0, 1] by 

a(t) :=a(rt), 0<t<l, 
and, finally, a multiplication operator M Q>r by 

{M a , r g)(t) := r a <*> +1 /«-Vp ■ g(t) , < t < 1 . 
Now we are in position to state and to prove the announced scaling property of R a ('\ 
Proposition 4.1 It holds 



R a ^ :L p [0,r] L q [0,; 



o J p = M a ^ r o 



R*U : L p [0, 1] -> L q [0, 1] 
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Proof: Given a function / 6 L p [0, 1] elementary calculations lead to 

R a ^(J p f)(t) = r-^-^j- f\t- S y^- l f(s/r)&s 

r ("(0) Jo 

r(a(t)) 7o 

= r a(t/r)-i/p 1 /^(t/r - s )"( f A-)-i /( s ) ds 



r(«(t/r)) 7o 

= (J q o M aiT . o f)(t) , 0<t<r. 
This completes the proof. □ 

Corollary 4.2 If 1 < p < oo, there is a universal c p > suc/i i/iaf /or aZZ r £ (0, 1] we have 

\\R a ^ : L p [0,r] ^ L p [0,r}\\ < c p r a ° . (4.1) 

#ere «o is defined by ao := info<t<r ce(t) . 

Proof: By Proposition 14.11 and Theorem 11.11 it follows that 

\\B?U :L p [0,r] -+ L p [0,r]\\ < \\M a , r : L p [0, 1] -> L p [0, 1] || • : L p [0, 1] ->• L p [0, 1] || 

< sup r Q W C p = c p r ao 

0<t<l 

because of < r < 1. This completes the proof. □ 

Remark: The preceding result can be easily extended to arbitrary intervals of length less than 
one. More precisely, given real numbers a < b < a + 1 and a function a(-) on [a, b], a.e. positive, 
for any p > 1 it follows 

\\B?M :L p [a,b] -> L p [a,b]\\ <c p {b-a) a ° (4.2) 
with ao = inf a <^<6 a(t). Note that R a ^' acts on L p [a, b] as 

(#*>/)(*) = Tv^TvT f\t-sr {t) - 1 f(s)ds, a<t<b. 

r(a(t)) 7a 



5 Compactness properties of i? a ^ 

In Section [3] we investigated the the question whether or not R a ^ defines a bounded operator 
from L p [0, 1] into L q [0, 1]. But it is not clear at all whether this operator is even compact, i.e., 
whether it maps bounded sets in L p [0, 1] into relatively compact subsets of L q [0, 1]. Recall that 
in the classical case this is so for 1 < p, q < oo provided that a > (1/p— l/q)+ (cf. Proposition 
O below). 

We start with an easy observation about the compactness of R a ^ for non-constant a(-). 

Proposition 5.1 Suppose ao := inf te [ ,i] > (VP — V?)+- ^ en / or all 1 < p,q < oo the 
operator R a ^ is compact from L p [0, 1] into L q [0, 1]. 
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Proof: Choose a number f3 with (1/p — l/<?)+ < (3 < ao- By Proposition 12. 21 we may represent 
R a U as 

= o rP (5.1) 

where R 13 maps L p [0, 1] into L q [0, 1] and R a (')~P acts in LjO, 1]. Now R 13 is compact and 
R a i-)-P i s bounded. The latter is a consequence of info<4<i[a(t) — 0\ > 0. Indeed, if q > 1, the 
boundedness of follows by Theorem 11.11 For q = 1 we may apply Proposition 13.21 to 

a(-) — p. Using (|5.ip and the ideal property of the class of compact operators, R a (> is compact 
as well. □ 

In particular, the preceding proposition tells us that R a (> is a compact operator in L p [0, 1] 
provided that a(-) is well separated from zero. On the other hand, as is well-known (cf. |21| . 
Theorems 2.6 and 2.7), whenever / £ L p [0, 1], then it follows that 



as well as 



lim l \\R«f-f\\ p = 

a->0 



hm(R a f)(t) = f(t) 



for almost all t £ [0,1]. In different words, for small a > the operator R a is close to the 
non-compact identity operator in L p [0, 1]. Thus it is not clear at all whether R a ('' is compact 
when we drop the assumption inf tg [ ,i] a (0 > 0- The aim of this section is to show that R a (' is 
compact if a(-) approaches zero very slowly while it is non-compact if a(t) is already quite close 
to zero in a neighborhood of a critical point, i.e., near to a point where a(-) approaches zero. 

We will investigate the two following cases separately: 

1. It holds inf £ < 4 <i a(t) > for each e > 0, i.e., the critical point of a is t = 0. 

2. The critical point of a is t = 1, i.e., we have info<t<i_ e a(t) > for each e > 0. 
We treat both cases in similar way, yet with slightly different methods. 

5.1 The critical point t = 

We begin with a preliminary result which is interesting in its own right. 

Proposition 5.2 If 1 < p < oo, then there is a constant c > only depending on p such that 
for each < r < 1 and each measurable non-negative a(-) on [0,r] it follows that 

\\R a ^ : L p [0,r] L p [0,r]|| < c sup (2t) a ^ . (5.2) 

0<t<r 

Proof: Let us start with the case p = oo. Here we have 

\\R^f Woo < ll/lloo SUp — i-TT [\t-sr^-Us 

<t< r r(a(i)J J 



< sup t «M 

Kq 0<t<r 



which proves (|5.2p in that case. 
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Suppose now 1 < p < oo. In a first step we assume that r = 2 N for some integer N > 0. 
Define intervals I n C [0, 1] by 



In :-- 



-(n+1) o-n 



, 71 = 0,1,... 



and denote by P n the projections onto L p (I n ), i.e., we have P n f = f ■ lj n . Then R a ('> on 
L p [0,2 _Ar ] admits the representation 



m=0 



.n=N 



J2 R 

m=0 



«(•) 
m 



(5.3) 



where the operators -Rm are those in the brackets. In particular, if m > 1, then for t G 4 we 
have 

«' ,/)(4) = rR*j)/„ t ,(*- s)o( ' M/(s)ds - 

Suppose now m > 2. Then, if t G J n and s G / n +m we get 

2 -n-2 < t _ s < 2" n , 

which implies for those i and s that 

_ S ) Q (*) _1 < 4 . 2- n ( Q (*)- 1 ) < 4 . 2- n ( a ™ _1 ) 

where we set a n := inft e / n a{t). 

Consequently, if t G I n , then by Holder's inequality we conclude that 



|(iC ( ' } /)(i)l < — 2-™^- 1 ) / |/( S )|d, 

J I n -\-rn 

< 2— n(a n — 1) 2-(™+ m )/p' 

2-n(a n -l) 2-(n+m)/p' 



\f(s)\ p ds 



1/p 



\f(s)\ p ds 



i/p 



(5.4) 



with ci := (2~ 1 / p ' 4)/iT . As usual, p' is defined by | + ^ = 1 and K is as in (J2HJ). Setting 
c 2 := ci 2~ 1 / p = 2/i^o, estimate ([531) yields 



\(R^ f)(t)\ p dt < c P i2 - n - l 2- npi - an -^2- np l p ' 2- mp l p ' \f(s)\ p ds 

= c P 2 2- n P^ 2 - m Plv' ( \f{s)\ p ds 

where we used — n + np — np/p' = 0. Summing up, for any / £ £ p [0, 2"^] holds 

/ |(i?^)/)(t)| p dt < c?2- mp /P' 2 ~ npan / l/(«)l p ds 

"'0 n>N In + m 



< ^2-^' su P 2- npa " [ \f( s )\ P ds 

n > N n>N In + m 



< (? 2 2- mp / p ' sup2~ npf 

n>N 



P 

V ' 
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In different words, for any m > 2 we have 



IIKPlI < c 2 2~ m/p ' sup 2-" a " . (5.5) 

ji>7V 



sup 2 

n>N 



Because of p > 1, hence p' < oo, estimate ()5.5j) implies 

oo 

EPC^I^a 

m=2 

where c 3 := c 2 E™=2 2 ~ m/P ' ■ 

In view of (|5.3|) it remains to estimate H-Rq + 12^ ^|| suitably. Note that 

oo 

Ro ( ' } + < } = E p « ^ ° ( p « + > 

n=N 

hence we get 

oo „ 

MR^+R^fW? = E / l^^n + Pn+O/Wrdt 

n=N Jln 

OO . 

= E / \R ani HPn + Pn+l)f(t)\ P dt 
n=N Jln 

where a n {-) is the function with 



(5.6) 



a n (t) :-- 

Thus 



a(t) : t€ I n , 
a n : t I n . 



oo „ 
IK^+^Vll^ < J2W Rani ' ):L p( I n Ul n+l)^L p ( I n^In + lW / |/(*)| P ds 

< 2 sup \\R a ^ : L p (I n U / n+1 ) -> L p (7 n U I„ +1 )f • . (5.7) 

n>N 

Next we want to apply (|4.2p to the interval I n U I n +i an d to the operator R a "^ . To do 
so we observe that |J n U J n +i| = 3 • 2~™~ 2 and that by the definition of a n (-) it follows that 
inf te / nU/n+1 a n {t) = a n . Hence (02} gives 

||ii Q "(-) : L p (/ n U I n+ i) -> L p (J n U I n+1 )|| < c p (3 • 2~"- 2 ) a " < c p 2~^ . 
Plugging this into (|5.7|) implies 

||i?o ( ' } + i?i W || < c 4 sup 2" na " (5.8) 

n>N 

with c 4 := 2 1 / p c p . Combining (pT8|) with (pT6|) we arrive at 

oo 

||iT*> : L P [0,2~ N ] -> ^[0,2-^11 < +<- ) || + ^ ||i?«(-)|| < c 5 sup 2~™» (5.9) 
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with C5 := C3 + C4. 

In a second step we treat the general case, namely, that < r < 1 is arbitrary. Choose 
a number N > with 2~ N ~ 1 < r < 2~ N and extend a to [0, 2~ N ] by setting a(t) := a(r) 
whenever r < t < 2~ N . Clearly, by f)5.9[) we have 



|i? a W :L p [0,r] ^-Lp[0,r]|| < HiT^ : L p [0, 2~ N ] -> L p [0, 2' 



Ah 



< c 5 sup 2~ nan (5.10) 

n>AT 

where as before a n = inf{a(i) : 2~( n+1 ) < t < 2 _n } . For each n > N we find t n > 2~ n_1 such 
that 

2~ na n < 2 . 2~ nQ (* n ) 

Note that we may always choose the t n in [0, r] by the way of extending a to [0,2 _iV ]. Clearly 
this implies 

sup 2~ nan < 2 ■ sup(2- n ) Q (*") < 2 • sup(2t n ) Q (*") < 2 • sup(2t) Q W . 

n>Af n>N n>N t<r 

The previous estimate combined with (|5.1Up leads finally to 

\\R a U : L p [0,r] -»■ L p [0,r]|| < c sup(2t) Q W 

with c := 2C5. This completes the proof of the proposition. □ 

Remark: One should compare estimate (|5.2|) with that given in (|4.ip . Estimate (|4.ip makes 
only sense for info<t< r a(t) = ao > which we do not suppose in (|5.2p . On the other hand, if 
a > 0, then ([O]) implies (|Q]I . but only for < r < 1/2 . 

We are now ready to state the main result of this section. 

Theorem 5.3 Let a be a measurable function on (0, 1] with inf £ <t<i a(t) > for each e > 0. 
Suppose 1 < p < 00. If 

limt«(*) = (5.11) 

t— 5-0 

f/ien i? a W zs a compact operator in L P [0,1]. Conversely, if we have 

liminft Q(t) > 0, (5.12) 

t— s-0 

i/ien i? a W is non-compact. 

Before proving Theorem 15.31 let us rewrite it slightly. To this end, define the function ip by 

(p(t) :=a(t)- I In t\, i.e. a(i) = j^r , 0<t<e, (5.13) 

for a sufficiently small e > 0. Then the following holds. 

Theorem 5.4 If a is as in Theorem \5. 31 i/ten wrai/i </? defined by ()5.13p the following implications 
are valid. 

limy?(i) = 00 => i? ^'-* is a compact operator in L p [0, 1] . 
lim sup < 00 ==> i? a( - is a non-compact operator in L p [0, 1] . 
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Proof of Theorem 15.31 : Let us first assume that condition (|5.1ip is satisfied. Fix r > and 
split R a U as 

#»=P [0 , r] o#) + ? M] o#). 

Here 

P[0,r]f ■= f ■ l[0,r] wnile P [r,l]f ■= f " %,1] • 

Note that P\ r ,i] ° i? a ^ is compact from L p [0, 1] into L p [0, 1]. Indeed, if we define a by 

a(r) : < t < r 
a(i) : r < i < 1 



then it follows that 

By the properties of a we have 



a(t) := 



inf ait) > . 

0<<<1 



thus Proposition 15,11 applies and R ar ^ is compact, hence so is P\ r> i] ° R a ^ ■ 

Observe that -P[o,r] ° R a ^ is nothing else as R a ^ regarded as operator from L p [0,r] into 
L p [Q, r]. Consequently, Proposition 15.21 applies and leads to 



|P [0r i o R a ^\\ < c sup (2t) 



«(*) 



0<t<r 



(5.14) 



We claim now that (|5.11|) yields limt_>.o(2i) a ® = 0. To see this, write 



(2t) Q W = (2 v / t) Q( ' ) 
provided that t < 1/4, hence 

limsup(2t) a W < 
and by (|5.14p condition ()5.1ip leads to 



, a (t) 



1/2 



< 



limsupt aW 

t->0 



Mt) 



1/2 



1/2 



lim ||-P[o, r i ° R 



«(■)! 



0. 



Thus, as r — )• 0, the operator is a limit (w.r.t. the operator norm) of the compact operators 
P[r i] R a ^'\ hence it is compact as well. This proves the first part of the theorem. 

To verify the second part, we first prove a preliminary result. Let as above /„, = [2 - (™ +1 ) , 2~ n ] 
and set 

b n := sup ait) , n = 0, 1, . . . 
tei n 

We start with showing the following: Suppose that 

inf 2~ nbn > 0, 

n>0 

then R a ('> is non-compact. To verify this, set 

hn .- 2 WPlr, 71 = 0,1,2,.... 



(5.15) 
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Then ||/i n ||p = 1 an d f° r t £ I n we have 



o(n+l)/p ft 

R a( - ] K{t) = ——- / (t - da 

r(a(t)) y 2 -«-i 

> ci 2"/ p (i - 2- n - 1 ) a (*) > ci 2 n / p (t - 2~ n - 1 ) b " 



where c\ := From this we derive 



\\(R a ^h n )hX > c?2" f 2 (t-2' n ~ l ) b "P dt 

J3-2- n - 2 

> c? 2 n 2' n ~ 2 2~ {n+2) bnP . (5.16) 



Using 



2~ n b„ 



we see that assumption (|5.15p and estimate ()5.16|) lead to 

liminf\\(R a ^h n )l In \\ p >0. 

n— >-oo 

But this implies that R a ^ is non-compact. Indeed, if m < n, then (R a ^h m )(t) = for t € I n , 
hence for some 5 > we have 

\\R<*(-)h n - R a ^h m \\ p > \\(R a ^h n )l In \\ p > 5 

provided that m is sufficiently large. Thus there are infinitely many functions in the unit ball 
of L p [0, 1] such that the mutual distance between their images is larger than 5 > 0. Of course, 
an operator possessing this property cannot be compact. 

To complete the proof it suffices to verify that (|5.12|) implies (|5.15|) . Choose t n < 2~ n for 
which a(t n ) almost attains b n , i.e., for which 

2 -na(t«) < 2 - 2~ n6n , n = 0,l,... 

Then we get 

2 -n6„ > 2 -i . 2 -»"(*») > 2~ x • > 2~ x ■ inf (5.17) 

~~ _ n - o<t<l v / 

By the assumptions about q(-) for any e > we have inf e < t <i t ^*) > 0, hence because of ()5. 17[) 
condition (|5.12|) implies (|5.15p and this completes the proof. □ 



Remark: Note that there is only one very special case not covered by Theorem 15.31 Namely, 
if we have limt_>.o a (t) = 0, liminf^o a (t) \ m *| < oo and limsup t ^. a (t) \ m ^l = °°- 

5.2 The critical point t — 1 

We suppose now that info<t<i_ £ a(t) > for each e > 0. One might expect that this case can 
be transformed into the first one, i.e., in the case that the critical point is t = 0, by an easy time 
inversion. But if 5 : L p [Q, 1} — > L p [0, 1] is defined by 

(Sf)(t):=f(l-t), 0<i<l, 
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then we get 

(SR^Sf)(t) = J\s - tfV-'fis) ds (5.18) 

where a(t) := a(l — t). The problem is that the right hand expression is not R 01 ^ f . Thus, 
although a time inversion transforms the critical point t = 1 of a into the critical point t = 
of a, it does not solve our problem because the inversion changes the fractional integral as well. 
It is also noteworthy to mention that the operator in (|5.18|) is not the dual operator of R a ('\ 
hence also a duality argument does not apply here. 

Therefore, as far as we see, a time inversion is not useful to investigate the critical case t = 1, 
thus we are forced to adapt our former methods to the new situation. 

We start with a proposition which is the counterpart of Proposition 15.21 in that case. Its 
proof is similar to that of Proposition 15.21 yet the arguments differ at some crucial points. 



Proposition 5.5 There is a constant c > only depending on p > 1 such that for any real 
< r < 1/2 it follows 

\\R a U :L p [l-r,l]->L p [l-r,l]|| < cmax{ sup (2t) a(t)/2 , r 1 ^} 

0<t<r 

where as before a(t) = a(l — t) for < t < 1. 

Proof: The case p = oo can be treated exactly as in the proof of Proposition 15.21 

Thus let us assume 1 < p < oo. Again we first suppose that r = 2~ N for a certain integer 
N > 1 and split the interval [1 — 2~ N , 1] by dyadic intervals I n which are this time defined by 

I n := [l-2~ n ,l-2^ n+1 )], n = N,N + l,... (5.19) 

Then R a ^ on L p [l - 2~ N ,1] can be represented as 

oo 

= PnR^Pk = J2 P nR a{)p k = E R ™ ] 

n>N n>k>N m=Q 

k>N 

where as before P n f = f o l In and 

oo 

na(-) P ) P 

±L m ■ — / , 1 n Jl 1 n— m- 

In particular, if m > 1 and t £ I n with n > N + m, then it follows that 
Assuming m > 2 and n > N + m for t £ I n and s G Jn-m one easily gets 

2 -n+m-2 < t _ s < 2 -"+ m , 

hence 

( t _ s)^*)- 1 < 4 • ( 2 - n+m ) a(t) ~ 1 (5.20) 
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whenever t and s are as before. With c\ := estimate (|5.20p leads for t E I n to 
|/C (0 /(*)I < c 1 (2-™ +m ) aW - 1 / |/( s )|da 

*^ 1-n — m 

\ Vp 



< cl (2- +m ) aW - l |/ n _ m | i / P '('/' i/oopdA 

< C2 {2- n + m )^- 1 {2- n+m ) l l , P' ( ( \f{s)\ p A^\ /P 

V •/ / n — m / 



where as above a n := inf^ e / n a(t) and Consequently, whenever n > N + m and 

m > 2, with C3 := 2~ 1 / p C2 = 2/ifo this implies 

/" \R$')f)(t)\ p dt < 42- n (2- n+m yl'P' \ 2 - n+m )P^-P [ \f(s)\ p ds 
= c P 2 - m + m P a "- n P a " [ \f{s)\ p ds 



because of — n — np/p' + np = and mp/p' — mp = —m. Summing the last estimate over all 
n > N + m we arrive at 

K (0 ||<C3 sup 2-' m /P 2 { - n+m ^ . (5.21) 

n>m+N 

If (in < l/2p, then it follows that 

^(—n+rnjan ^- c^— rn/2p c^—nan 

while for a n > l/2p and n > m + N we get 

n—m/p o( — n+m)an <^ Q-^m/p c^—N lip 

Thus (|5T2TT) finally leads to 



X] K (0 II ^ c 4 max l SU P 2 ~ nan » 2 _;v /*} (5.22) 
m 

withc 4 := C3 E"= 2 2- m/2p - 



Our next aim is to estimate \\Rq^ ^ + R* || suitably. Note that 

00 

R^+R^ = P N H*UP N + Y, PnR ai) (Pn + Pn-l) 



n=N+l 
00 



= P N R a ^P N + £ PnR^HPn + Pn-l) 
n=N+l 

where a n (t) = a(t) for t € I n and a n (t) = a n whenever t ^ /„. For / G L p [l — 2~ , 1] this 
implies 

UR^+Rf^fW^ WR^ : L p (I N ) ^ L p (I N W [ \f(s)\ p ds 

J In 

00 „ 
+ H^" :i P (/nU/ n _i)-^L p (/ n U/ n _i)|| p / ^ \f(s)\ p ds 

n=N + l JlnUln-! 

< \\R a ^ : L P (I N ) ^ L P (I N )\\P \\f\\P p 

+ 2 sup \\R a ^ :L p (I n Ul n ^)^L p {I n Ul n ^)\\ p \\f\\ p p . (5.23) 

n>N+l 
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Since |Ijy| = 2~ N ~ 1 < 2~ N and \I n U J„_i| = 3 • 2~ n - 1 < 2~ n+1 , exactly as in Proposition 
estimates (|4.2p and f|5.23[) imply 

Po + ^ W ll < c 5 [2-*°" + sup (2- n+1 ) an 1 (5.24) 

with C5 := 2 1//p c p and c p is the constant in (|4.2p . Recall that iV > 1, hence the numbers n in 
the supremum of the right hand side of (|5.24|) satisfy n > 2 and we have *^r= > \- Thus (I5.24[) 
leads to 



2-^+ sup (2— ) (n " 1)/n 



n>JV+l 

Combining (|5.22p with ()5.25p gives 



< 2c 5 sup 2" na " /2 (5.25) 

n>N 



\\R a ^ : L p [l - 2~ N ,1} ^ L p [l - 2~ N < c 6 max{sup 2~ na -' 2 ,2~ N ' 2p } . 

n>N 

where cq := max{c4, 2 C5}. 

For arbitrary r £ (0, 1/2] choose an integer N > 1 with 2~ iV_1 < r < 2~ N and extend a to 
[1 — 2~ N , 1] by setting a(i) := a(l — r) whenever 1 — 2~ N < t < 1 — r. Then we conclude 

\\R a U : L p [l - r, 1] -> L p [l - r, 1]|| < : L p [l - 2"", 1] -> L p [l - 2"* 1]|| 

< c 6 max{sup 2- na "/ 2 ,2- JV / 2p }. (5.26) 

n>N 

Furthermore, we choose t n £ [2 _ra_1 ,2 _n ] so that a(l — t n ) "almost" attains the infimum a n of 
a(-) on I n , i.e., that we have 

2— na n 2 . 2 — na (i~*n) 

Hence, 

sup 2- na "/ 2 < V2 • sup 2~ na ( 1 -*")/ 2 < v^2- sup(2t n ) nQ ( 1 "*")/ 2 < sup (2t) n ^^ 2 . 

n>N n>N n>N 0<t<r 

and 

2 -N/2p < ( 2r )!/2p = 2 V2p . r l/2p ^ 

thus (|5.26|) completes the proof by chang ing c 6 to c := 2 1 / 2 P C6 . □ 

Of course, Proposition 15.51 mav also be formulated as follows: 
Proposition 5.6 For each 1/2 < 9 < 1 we have 

\\R a U : L p [0, 1] -»• L p [0, 1]|| < c max{ sup (2(1 - t)) Q W/ 2 , (1 - A) 1 / 2 * 5 } (5.27) 

6<t<l 

with c > onZy depending on p > 1 . 

Corollary 5.7 For a(-) on [0, r] define Q a ^ on L p [0,r] by 

(Q^m) ■= f\s - t)^- 1 f(s) ds, 0<t<r. 

If0<r< 1 /2, then it follows that 

||Q a( - } : L p [0,r] L p [0,r]\\ < c max{ sup {2t) a ^ 2 , r 1/2p } . 

0<t<r 
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Proof: The proof is an immediate consequence of Proposition 15.51 and representation ()5. 18[) 
which now may be written as 

S o R & (-) o S = Q a ^ 

where a(t) := a(l — t), while R a ^ is defined on L p [l — r, 1] and Q a ^ on L p [0,r]. □ 



The next result is the counterpart to Theorem 15 .31 

Theorem 5.8 Let a be a measurable function on [0, 1) so that info<t<e ct(t) > for each 8 < 1. 
Suppose 1 < p < oo. // 

lim(l-t) a W =0, (5.28) 

t— >i 

then R a (') is a compact operator in L p [0, 1]. Conversely, if 

liminffl - t)°W > 0, (5.29) 
t—>i 

then R a ^ is non-compact. 

Proof: For a given 1/2 < 9 < 1 we decompose R a ^ as 

Now we proceed exactly as in the proof of Theorem 15.31 The operator P\o,e] R a ^ is compact 
and as before assumption (|5.28p implies 

lim max{ sup (2(1 - t)) a{t)/2 , (1 - 8) 1/2p } = . 
e^ 1 e<t<i 

In view of (|5.27p it follows lime^.i H-FWi] R a ^' || = 0, hence, if 8 — )■ 1, the operator R a ('> is 
approximated by the compact operators P[o,e] R a ^'\ consequently R a ('> is compact as well. 

The second part of the theorem is also proved by similar methods as in Theorem 15.31 yet 
with a small change. With the intervals I n in (|5. 19[) we define functions h n by 

hn=2 (n+l)/p llnf n = 0,1,2,... 

As in the proof of Theorem 15.31 condition (|5.29p implies that for some 5 > and n sufficiently 
large || (R a ^h n )ti n \\ p > 5. If m < n, then this time the interval I m is on the left hand side of 
/„, so we get (R a ^h n )(t) = whenever t G I m . Hence, 

\\R a ^h m - R a ^h n \\ p > \\(R a ^h m )l Im \\ p > 5 

provided that mo < m < n for a certain mo £ N. Thus the operator R a ('> is non-compact as 
claimed. □ 



6 Entropy estimates for classical Riemann— Liouville operators 

Given a compact operator S between two Banach spaces E and F, its degree of compactness 
is mostly measured by the behavior of its entropy numbers e n (S). Let us shortly recall the 
definition of these numbers. 
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Definition 6.1 Let [E, \\ ■ \\e] and [F, \\ ■ \\p] be Banach spaces with unit balls Bp and Bp, 
respectively. Given a (bounded) operator S from E into F, its n-th (dyadic) entropy number 
e n (S) is defined by 



e n (S) := inf < 



2 n-l 

e > : 3 yi, ... , y 2 n-i G F such that S(B E ) Q [J (yj + eBp) 



Note that S is a compact operator if and only if lim n _ > . 00 e n (S) = 0. Furthermore, the faster 
e n (S) tends to zero as n — > oo, the higher (or better) is the degree of compactness of S. We 
refer to [8] or to [10] for further properties of entropy numbers. 

Our final aim is to find suitable estimates for e n (R a ^) in dependence of properties of the 
function a(-). But before we will be able to do this, we need some very precise estimates for 
e n (R a ) in the classical case. We start with citing what is known about the entropy behavior for 
those operators. For an implicit proof in the language of embeddings we refer to |1U] . 3.3.2 and 
3.3.3; a rigorous one was recently given in [7j, Theorem 5.21. For special p and q the result was 
also proved by other authors, for example in [15], [IB] or 



Proposition 6.1 Suppose 1 < p, q < oo and a > {1/p—l/q)^. Then there are positive constants 



c a,p,q and C a ^p^q such that 



' a < e n (R a : L p [0, 1] L q [0, 1]) < C a , p , g n~ a . (6.1) 



The main objective of this section is to improve the right hand estimate in (|6.1|) as follows: 

Theorem 6.2 Suppose 1 < p,q < oo. 

1. Ifl<q<p<oo, then for each real b > there is a constant q, > independent of p and 
q such that for all n > 1 and all a E (0, b] we have 

e n (R a : L p [0, 1] -> L q [Q, 1]) < c b n~ a . (6.2) 

2. Suppose 1 < p < q < oo. Then for all a > | — | and b > a there is a constant c a j, > 
(maybe depending on p and q) such that for n > 1 and a < a <b it follows that 

e n (R a : L p [0, 1] L ? [0, 1]) < c a , 6 n~ a . (6.3) 

Remark: We do not know whether estimate (|6,3p even holds with a constant q > only 
depending on b and for all - — | < a < b. 

The proof of Theorem 16.21 needs some preparation. We start with introducing the necessary 
notation. A basic role in the proof is played by approximation numbers defined as follows: 

Definition 6.2 Given Banach spaces E and F and an operator S from E into F, its n-th 
approximation number a n (S) is defined by 

a n {S) := inf{\\S - A\\ : A : E -> F and rank(A) < n} . 
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For the main properties of approximation numbers we refer to [19] and to |20| . 



A second basic ingredient in the proof of Theorem 16.21 are some special Besov spaces. To 
introduce them we need the following definition: Given / G L p [0, 1] and < h < 1, we define 
the function A^f by 

(A h f)(t):=f(t + h)-f(t), 0<t<l-h. 



Definition 6.3 If < a < 1, then the Besov space -Bp j00 consists of all functions f G L p [0, 1] 
( continuous f if p = oo ) for which 

\\f\\ P ,a ■= ll/llp + sup h~ a \\A h f\\ P < oo . (6.4) 

0<h<l 

Now we are in position to state and to prove a first important step in the verification of 
Theorem 16.21 



Proposition 6.3 Suppose < a < 1 and let I p : B poo — > L p [0,l] be the natural embedding. 
Then, if 1 < p < oo, it holds 

a n {I p ) < 2 a (tT—) ^ n ~° ^ 4n ~° ( 6 ' 5 ) 
V 1 + ap J 

while 

a n (Ioo) < 2 a n~ a <2n- a . (6.6) 



Proof: With 

" j ~ 1 f 

n ' n_ 

we define the operator P n : L p [0, 1] — > L p [0, 1] as 



j = l,...,n. 



(P n f)(t) :=J2f f(s) ds-^ = n^T[ f(s) dsl^t). 

Of course, it is true that rank(P n ) = n, hence by the definition of approximation numbers we 
get 

a n+ i(I p ) < \\I P - P n I p || = sup ||/-P n /|| p . (6.7) 

II/II»,«.<1 

To estimate the right hand side of (|6.7p let us first treat the case 1 < p < oo. Thus choose any 
/ 6 B p,oo with 11/IUa < !• That is > for all < /i < 1 we have 

ll/llp + ^IIAfc/Hp^l 

yielding in particular 

||A h /||p < h a (6.8) 

for all h with < h < 1. 
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Now we are in position to estimate the right hand side of (|6.7p as follows: 

\\f-Pnf\\ P p = E/ \f(s)-Pnf{s)\ P &S = nvj^l \f [/(.)- /(*)] dt 

j = l •'^J j = l "^j "^j 



ds 



E 



!/(*)- /(t)|dt 



ds. 



(6.9) 



An application of Holder's inequality to the inner integral gives 



\f{s)-j{t)\^\ <\I^ ■ \ \f(s)-f(t)\Pdt = n-^' / \f(s)-f(t)\Pdt. (6.10) 
Plugging (|6.10p into (|6.9|) leads to 

< nf / / \f(8)-f(t)\Ptedb<n f \f(s)-f(t)\Pdsdt 

j =1 JljJlj J {\t-s\<X/n} 



3 

2n 



{t<s<(t+l/n)M} 



\f(s)-f(t)\Pdsdt 



(6.11) 



because of 



(J (JjXl,) C |(t >8 ) £ [0,1] 2 : |i-s| <-}. 



Now ()6.1ip may also be written as 

-1 r(t+l/n)Al 



2n 



rl /-(t+l/nJAl /-l /■ 

/ / |/(s)-/(i)P>dsdi = 2n 

Jo Jt Jo Jo 



\f(t+h)-f(t)\*dhdt 

0<fe<(l/n)A(l-t) 

2„ / / h |(A fc /)(t)|fdtdfc 

Q<h<l/n JO 
1/n 2 



< 2n / /l" p d/l = 

/o ap + 1 



n 



-ap 



where the estimate in the last line follows by (|6.8|) . Summing up, we get 



Pnf\\p < 



ap + 1 



whenever ||/|L a < 1. Hence it follows 



2 \ 1/p 

a„+i(/ P ) < ( ] n" a < 2 Q 



ap + 1 



2 \ 1/p 



ap + 1 



Since ai(I p ) = \\I p \\ < 1, estimate (|6.5p holds for all numbers n > 1 and this completes the proof 
for p < oo. 

The case p = oo is even easier. Here we have 

\f(t + h)-f(t)\<h a , 1 <*<!-/», 
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i.e., 

~f(t)\ < h a , < t,s < 1, \t- s\ < h. 

Then we get 

\\f -Pnf Woo = sup \f(t)-(P n f)(t)\<n sup sup / \f(t)-f(s)\ds 
0<t<l l<j<ntelj J Ij 

< nn- a \Ij\=n- a . 
Now we proceed as in the case p < 00 and arrive at 

a„(/oo) <2 Q n- a 

as asserted. □ 

Remark: The fact a n (I p ) ~ n _a is well-known (cf. [TO]), yet does not suffice for our purposes. 
We have to have a uniform upper bound for a n (I p ) as in (|6,5p or (|6,6p . respectively. 

Another basic fact will play a crucial role in the proof of Theorem [621 It was recently proved 
in [7] (cf. Lemma 5.19). 

Proposition 6.4 If < a < 1, i/ien /or eac/i / £ £ p [0, 1] we Ziaue 

2 .„„ .„ . 2 



|A fc (fl a /)|| p <——-h a \\f\\ p <—h a 

L{a + L) Kq 



Since 



\R a f\\p < ~j~7~ 11./ ii,. • 
^0 



by definition (|6.4|) we get the following result: 
Proposition 6.5 If < a < 1, then 



\R a f\\ P , a <^\\f\\ P , /a p [o,i], 



i.e., R a is a bounded operator from L p [0,l] into with operator norm \\R a \\ < -j^. 
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Now we are ready to prove Theorem 167 

Proof of Theorem 16. 2t We start with the case 1 < q < p < 00. Then (1/p — l/q)+ = 
hence for any a > the operator R a is compact from L p [0, 1] into L q [Q, 1]. In particular, R 
maps L p [0, 1] into L p [0, 1], hence, if I Ptq denotes the natural embedding from L p [0, 1] to L q [0, 1] 
it follows that 

(R a : L p [0, 1] -> LJO, 1]) = I Pjq o : L p [0, 1] -> L p [0, 1]) , 

which yields 

e n (R a : L p [0, 1] -> L ? [0, 1]) < • e n (R a : L p [0, 1] -> L p [0, 1]) = e n (R a : L p [0, 1] -> L p [0, 1]) . 

Consequently, it suffices to verify (|6.2p in the case q = p. 

In a first step we suppose < b < 1. Then Propositions 16.31 and 16.51 apply and lead to 

a n {R a ) < \\R a : L P [0, 1] -> S« [| • a n (/ p ) < c n"" 
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where, for example, cq may be chosen as 12/ 'Kq. Now, if 1 < b < 2 and a < 6, we get 

2 



a 2 n-i(i? a ) < [a n (iW 2 ) 
hence 



< eg n~ a 



a n (R a ) < 2 a eg n~ a < 2 b c\ n~ a 
provided that < a < b. Iterating further for each b > there is a C b > with 

a n (R a ) <C b n~ a (6.12) 

with C;, independent of p. 

Next we refer to Theorem 3.1.1 in [8] which asserts the following: Let S be an operator 
between real Banach spaces E and F. For each < a < oo there is a constant C a > such that 
for all N > 1 it follows that 

sup n Q e n (»S)<C a sup n a a n (S) . 

l<n<N l<n<N 

Hereby C a may be chosen as C a = 2 7 (32(2 + a)) a . 

Applying this result together with (|6.12p gives for each N > 1 that 

sup n Q e n ( J R a )<C Q sup n a a n ( J R a ) < C Q C 6 

l<n<iV l<n<AT 

provided that < a < b. Since C b := sup 0<a<b C a < oo, this implies (note that iV > 1 is 
arbitrary) 

e n (R a ) < c b n- a 

with constant c b := C b C b only depending on b. This completes the proof of the first part of 
Theorem [63 



We turn now to the proof of (|6.3p . Here 1/p—l/q > 0, hence R a is compact from L p [0, 1] to 
L q [0, 1] only if a > 1/p — 1/q . Take any pair a, b of real numbers with 1/p — 1/q < a < b < oo 
and choose a G (a, 6] arbitrarily. Then we may decompose i? a as follows: 

(R a : L p [0, 1] -> LJO, 1]) = (i? a : L p [0, 1] -> LjO, 1]) o (i? Q - a : L p [0, 1} -> L p [0, 1]). (6.13) 

Because ofa>l/p — 1/g 1 the operator i? a on the right hand side of (|6. 13|) is compact and by 
(|6.ip we have 

e n {R a ) < C a ^ q n- a . (6.14) 

On the other hand, R a ~ a maps L p [0, 1] into L p [0, 1]. Since 0<a — a < b — a, the first part of 
Theorem 16.21 applies to a — a, hence (|6.2|) gives 

e„GR a - a )<c b _ a n-( a - a ). (6.15) 

In view of (|6,13p estimates (|6.14p and (|6.15p imply 

e 2n -i(R a ) < e n (R a )e n (R a - a ) < C a ^ q c b ^ a n- a 

leading to 

e n (R a ) < T C a , p , q c b _ a n~ a < c a , b n~ a 
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with c a) 6 = 2 b C ajPj q c&_ a . This being true for all a < a < b proves (|6.3p and completes the proof 
of Theorem 16.21 □ 

The next corollary of Theorem 16 . 2 1 will not be used later on. But we believe that it could be 
of interest in its own right because it shows that also the constants c atPtq on the left hand side 
of (|6.ip may be chosen uniformly. 

Corollary 6.6 Let b > (1/p — l/q)+ be a given real number. Then there is a constant K btPt q > 
such that for all (1/p — l/q)+ < a < b it follows that 

K b , P , q n- a < e n (R a : L p [0, 1] L q [0, 1]) . 

Proof: Choose an arbitrary a with (1/p — l/q)+ < a < b. By Proposition 16 . 1 1 we have 

c biM (2n - l)~ b < e 2n -i(R b ) < e n (R a ) e n (R b ~ a ) 

where R b ~ a is regarded as operator from L p [0, 1] to L p [0, 1} and R a as operator from L p [0, 1] 
into L q [0, 1]. Next we apply Theorem 16.21 to R b ~ a . Note that < b — a < b, hence (|6.2[) implies 

e n (R h - a ) <c b n-( b ~ a K 
Combining these two estimates leads to 

2- b c b>p>q c^n- a <e n (R a ) 
which completes the proof with K6 iPi g = 2~ b c btPtq c^ 1 . □ 



7 General entropy bounds for R a ^ 
7.1 Upper bounds 

Proposition 16.11 asserts that the degree of compactness of R a becomes better along with the 
growth of the integration order a. This observation suggests the following: 
If a : [0, 1] — > [0, oo) is a measurable function with 

°° := o^i a(t) > (Vp-V9)+. 

then the entropy numbers e n (R a ^) should decrease at least as fast as e n (R a °). Our first result 
says that this is indeed valid. 

Proposition 7.1 Suppose thatoto, the infimum ofa(-), satisfies (|7.ip . Then, if q > 1, it follows 

e n (R a ^ : L p [0, 1} -> L q [0, 1]) < cn~ ao . (7.2) 

If 1 < q < p < oo, the constant c > in (|7.2[) may be chosen uniformly for all oiq <b while for 
1 < p < q < oo this is valid for all 1/p — 1/q < a < b < oo and ao G [a, b] . Moreover, in this 
case it might be that c > also depends on p and q. 
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Proof: Let us start with the slightly more complicated case p < q. In view of (|7.ip we may 
choose a number a satisfying 1/p — 1/q < a < «o- Suppose, furthermore, ao < b for a given b. 
Next we take any j3 £ [a, ao) and write R a (> as 

R a{-) = R a(-)-f3 Q ^ ( 7 _ 3 ) 

where R@ : £ p [0, 1] — >• L q [0, 1] and i? Q (') _/3 acts in £ g [0, 1]. Because of /3 G [a, 6] we may apply 
Theorem 16.21 Consequently, there is a constant c a ,b > (maybe depending also on p and q) 
such that 

e n (i?^ : L p [0,l] -> £,[0,1]) < c a , fe n-^. (7.4) 
Furthermore, info<t<i [a(i) — /3] > 0, hence, since g > 1, Theorem 1 1 . 1 1 shows 

||i^-)-^:£,[0,l]^£,[0,l]|| <c,. (7.5) 

It is important to know that c q may be taken independent of f3. Combining (|7.3|) . (|7.4p and 
(1731) leads to 

e n (R a{ - ] ) < \\R a{ - ] - p \\e n {RP)<c q c a , b n-P . 

This being true for all a < f3 < ao allows us to take the limit (3 — > ao and proves the proposition 
for p < q. 

The case 1 < q < p < oo follows by the same arguments. The only difference is that here we 
may choose (3 arbitrarily in (0, ao) because in this case the first part of Theorem 16.21 applies. □ 

Remark: If a(t) > ao a.e. and if a(-) — ao satisfies ()3.7p . then Proposition 17.11 also holds for 
q = 1. Note that in this case we may choose /3 = ao . Then Proposition 13.21 applies and leads to 
\\R a ^~ a o ■ i^q : !] £ x [ , i]|| < oo. Writing R a ^ = R a t)~ a ° o R a ° gives directly the desired 
estimate. 

Suppose now that a(-) attains its infimum ao at a single point. Then it is very likely that 
the entropy numbers e n (R a ^) even tend faster to zero than those of R a ° . We shall investigate 
this question for increasing functions a(-). 

Proposition 7.2 Suppose 1 < p < oo and 1 < q < oo. If a(-) is non-decreasing so that 
ao = a(0) > (1/p — l/q)+, then for each r £ (0, 1) and integers ri\ and n2 it follows that 

e m+n2 ^(R^) < Cir a(o)+i/ 9 -i/ Pn -a(0) + en2{R M-) ) < C2 ^(0)+l/,-l/ Pn -a(0) + n -M) 

(7.6) 

where 

a r (t) = <^ ) { n ~.~ 7.7 
w [ a(r) : < t < r . v ; 

If P < 9, constants c\ and C2 may be chosen independent of p and q, only depending on 
b > whenever a(t) < b. In the case q < p the constants c\,C2 > probably depend on 
p and q and may be chosen uniformly for functions a(-) satisfying a < a(t) < b for some 
(1/p - l/q)+ < a < b < oo. 

Proof: Let P[o, r ] an d P[ r ,i] be the projections defined by 

p [o,r] ■= f l[o,r] and P[ r ,i]f ■= f l[ r ,i] 

respectively. Then we get 

R a U = P [0>r] + P [rA] R a ^ = P [0) ,] P [0 , r] + P [r ,i] R ar{ - ] 



28 



with a r (-) defined by (|7.7p . Consequently we obtain 

e ni+n ^ x {R^) < e ni {P %r] R^P m ) + e n2 {P m R a ^)) 

< e ni (P [0 , r] R a ^P m )+e n2 (R a ^). (7.8) 

Observe that P\o, r ] R a ^ P[o,r] * s nothing else as R a ^ regarded from L p [0,r] to L g [0,r]. Hence 
Proposition 14.11 applies and gives 

e ni (P %r] R^P [0>r] ) < \\M air \\e ni (R & U) < cr «(o)+i/9-i/i> n -«(°) (7.9) 

where the last estimate follows by Proposition 17.11 because of 

inf ait) = inf a(tr) = a(0) . 
0<t<l 0<t<l 



Plugging (|7,9p into ()7.8p proves the first estimate in (|7.6p . 

Another application of Proposition 17. 1\ yet this time with a r (-), finally implies 

e n2 (R ar{ ' ] ) <cn- ar{0) =cn- a{r) 
and this gives the second estimate in (|7.6p . This completes the proof. □ 



Let us state now a useful corollary of Proposition 17.21 . 

Corollary 7.3 Let = ro < r\ < ■ ■ ■ < r m = 1 be a partition of [0,1]. Furthermore, let 
ni, . . . , n m be given integers and set N := YllLi n j- Then it follows that 

m 

e N . m+1 (R^) < c £ r «fri-i)+Vff-i/P n j«(ri-i) . (7 . 10) 
i=i 

Here the constant c > neither depends on the nj and the integer m nor on the choice of the 
partition. 

Proof: An application of Proposition 17.21 with n and for n\ and rii = YIJL2 nj — m + 2 gives 
eiV _ m+1 (i?<)) = eni+fl2 _ 1 (i? a «) < cr-W+Vff-i/p + ^(^O) . (7.11) 

Recall that a ri (i) = a(ri) if < t < r\ and a r i(£) = ot(t) whenever n < t < 1. 

Next we apply again Proposition 17.21 , yet this time with r2 and for i? ar i (') . Define TI3 by 
n3 = X]j=3 n i — ?n + 3. If a r2 is given by a r2 (t) = a ri (r2) = ct(r2) whenever < t < ri and 
a r2 (t) = a(t) otherwise, then we get 

e h2 (R a ^) = e m+fl3 ^(R^) < cr fri)+l/ q -i/ P n -*( ri ) + e . 3(jR ^ 2 (-)) . (7.12) 
Plugging (|7.12p into (|7.1ip by ro = we obtain 

ejv _ m+1 (iT(-)) < cr °ta)+i/*-i/P n -<*(ro) +cr «(n)+i/ ff -i/P n ^-«(n) +efl3 (^ 2 (0). 

Proceeding further we end up with 

m— 1 

e N „ m+1 (R^) < c £ rf^ )+1/q - 1/p nj a{r ^ + . (7.13) 

i=i 

But Proposition 17. II yields (recall r m = 1) 

p /7->«m(-h < rr) -a(r m -i) _ a(r m _i)+l/9-l/p „-a(r m _i) 

Plugging this into (|7.13p completes the proof. □ 
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7.2 Lower bounds 

The basic aim of this subsection is to prove the counterpart of Proposition 17.21 in the case that 
a(-) is bounded from above. 

Proposition 7.4 Assume that sup < t < r a(t) < ot\ for some < r < 1. Then for n G N it 
follows that 

e n (R a U : L p [0, r] L q [0, r]) > Cn- ai r ai+1 ^- 1 / p (7.14) 
for some C = C(a\,p,q) > independent of n and r. 
Proof: We fix n and split [0, r] as 

(J ~ 1> jr 



[0,r] = Ul is l r , 

3=1 



n n 



Introduce the related bases 

Than we can identify £™ with span((^>j iP )" =1 ) C L p [0, r] and with span((^>j i9 )" =1 ) C L 9 [0, r]. 
We also need the averaging operator 

A n : L q [Q,r) ^ £ n q 

acting by 

ft f 

(A n g){s) ■=- g(t)dt, s€lj. 
Jij 

By using ||-A n || < 1 we make the first estimate 

e n (R a ^ : L p [0,r] -> L q [0,r}) > e n (A n R a ^ : L p [0,r] -> £J) > e n (A nJ R Q « : ^ -> (7.15) 

Now we arrived to an operator acting in re— dimensional Euclidean space through a triangular 
matrix cr := (<Ty)|j =1 , i.e. 

n 

A n R a (''(f>j >p := y~)(Tij(f>i, q 
i=l 

where cijj = whenever i < j and 

<*« = (n/r)- 1 /' • (n/r) • (n/r) 1 /* (* - „)«(*)-! du dt . 



/ j / r .r(a(t) + i) r « J 



We are not interested in evaluation of whenever i > j. Note that 

1 /. ^_iv\ a (' ! 
T(a(t) + 1) 

- v ' 1 d 2n \2nJ 

= C 2 (n/r)- 1 ^ 1 ^ 1 , 



where 



C\ := max T(a(t) + 1) < max T(a) = max{l,r(ai + 1)}. 

0<t<l l<a<ai+l 
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Now we apply the volumic argument. By the triangular nature of the matrix a we see that for 
any Borel set D C PI it is true that 

vol n (A n R a ^(D)) > (C 2 („/ r )-V 9 +i/ P -«i)\ oln (n). 



Apply this to D = B™, the unit ball of £™. Assuming that its image A n R a ^{B™) is covered by 
2 n balls of radius e > in we get a volumic inequality 

vol n (££) < (C 2 {n/r)- l ^ +1 /^y n vo\ n [A n R a ^(B;] 
< (C 2 (n/r)- 1 /^ 1 /*-"^ - " 2 n e n vol n (B%) . 

It follows that 

~ \vol n (B-) ) 2 K 1 > 
By letting e \ e n+ i(A n R a ^) we also obtain 



vol»(g?) V " = / .,'//„ 88 res P' vol„(B p ") 1/ "» n- 1 /P 



Given that (see e.g. [T 

2r (l + i 

r( ? + i 

we obtain the bound 

e n (^ nJ R Q ») > e n+1 (^ nJ R Q ») > c n"" 1 r «i+V?-i/p . 

It remains to merge it with (|7.15p . and we obtain the desired bound (|7.14p . □ 

Remark: The idea to prove lower entropy bounds by volume estimates for triangular matrices 
was already used in [T7] for the case p = 2 and q = oo. 

8 Examples 

Example 1. Consider the function 

a(t) = a + Ai 7 , 0<t<l, (8.1) 

for some A, 7 > and a® > (1/p — l/q)+. This is the most typical type of behavior around a 
single critical point. It was studied, for example, in [9j [13] . Here we will prove the following: 

Proposition 8.1 Let a(-) be as in (|8.ip . Then there are constants c, C > such that 

< e n {R<) : L p [0, 1] -> L q [0, 1]) < n _, (an+1/a _ lMH • (8.2) 



(l nn )(«o+i/9-i/p)/7 - ny ' PL ' J 91 ' u ~ (lnn)( a o +1 /9-i/p)/7 ' 
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Proof: Let us start with proving the right hand estimate in (|8.2[) . To this end we will apply the 
iterative bound (|7.10p for estimating the entropy numbers of R a ^ . For n > 3 let m := 1 + [Inn] 
and set 

rr .= S (l^) 1/7 : 0<i<m-l 
I 1 : j = m 

1 < j < m. 



as well as 



Ri := 



Clearly, we have 



m o 

E7T 
rij < — n < 2n. 



Notice also that n > 3 yields nj = [n/j 2 ] > [n/m 2 ] = [n/(l + Inn) 2 ] > 1. 

Now we start the evaluation of each term of the sum ()7.10j) . Because of rj < 1 we get 

ota-O+iAr-VF < a 0+ i/ ? -i/p < J (ao+1/g ' 1/p)/7 i < . < _ 
i ~ i ~ (i n „)(ao+l/?-i/p)/7 ' - J - ' 

On the other hand, with a\ := sup 0<4<1 a(t) = ao + \ we have 

-a(r 3 -_i) 



= (2j 2 ) ai n~ a ° n -^0-i)/lnn = ( 2 j 2 ) ai n~ ao e - A( ^ 1} . 
By summing up the bounds it follows that 



E «(rj-i)+VH/P -a(^-l) < n ° V^/ 9 ,-2^ai,-(Q!o+l/g-l/33)/7p-AC7-l) 
J J - (l nn )(«o+i/9-i/p)/7 
j=i \ > j=i 

d n- ao 



< 



(lnn)( Q o+i/-?-i/p)/7 



where 



Ci = d(a ,A,7) := ^( 2 j 2 p j^'+Vs-i/ri/T e -A(j-i) 

oo 

= 2 Q o+A ^ ,-2a +2A+(ao+l/9-l/p)/7 



3=1 



Finally recall that (|7.10f) yields 



m 

a(rj-i)+l/q-l/p ^-a(r,-_i) 



where iV = X^j=i n j- I n our case we have N — m + 1 < 2n, hence it follows 
*.<*«■>> < e„_ m+1 (^>) < (lBn)( : +l/ ,_ mh 
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implying 

e (B a ('h < — 

n{ ' ~ (lnn)( a o +1 /9-Vp)/7 

where C > depends on A, 7 and b whenever < ao < b. 

Next we prove the lower estimate in ()8.2p . Our aim is to apply (|7.14p with r := ^ ln ^i/ 7 and 

ax = a(r). Since 

A 

a(r) = a + -, 

Inn 



it follows 
while 



r a(r)+l/ ff -l/p = 1 ( — V > 1 



(l nn )(a +i/9-i/p)/7 \hrnj - 2 (lnn)(°o +1 /9-i/p)/7 
for n sufficiently large. Thus Proposition 17.41 leads to 

e n (R a ^ : L p [0, 1] -> L,[0,1]) > e n (i? Q (-' : L p [0,r] -> L,[0,r]) 

> (7 r a(r)+l/9-l/P n -«('-) > La 

as asserted. This completes the proof. □ 

Remark: Using estimate (j7.6j) in the proof of the upper bound in (|8.2p instead of (|7.10p . we 
only get the weaker 

/In In n\ ( Q + l/<?-l/p)/7 

e n (^())<Cn-- (^) 
\ m n / 

This shows that the iteration formula (|7.10p is in fact necessary to obtain the right order. 
Example 2. Consider the function 

a(t) = a + A| ln t\^< , < t < 1 , (8.3) 

for some A, 7 > and ao > 0. Here we will prove the following: 

Proposition 8.2 Let a(-) be as in (|8.3p . Then there are constants c, C > such that 
en*™ exp {-a^-^(Alnn) 1 /a + 7) (1 + o(1)) j 

< ^(l^W : L p [0, 1] -»■ L p [0, 1]) < C n~ a ° exp {-a^ /(1+7) (A ln n) 1/(1+7) } . (8.4) 
/ \ 1/(1+7) 

Proof: By choosing lnr := — ( ) in (|7.6p for n we obtain the upper bound in 



Al ,\ 1 /(l+7) 

By choosing lnr := — ( 7 ^— ) in (|7.14p we obtain the lower bound in (|8.4p . □ 



Remark: The degree of ln n under the exponents in (|8,4p is the same for for the lower and the 
upper bound, but the constants are not. It is possible that this gap can be bridged by using 
more delicate estimates like (|7.10p and analogous refinements of (|7.14p . 

Example 3. Consider the function 

a(t) := a + exp{-Ar 7 }, 0<t<l, (8.5) 
for some A, 7 > and «o > 0. Here we will prove the following: 
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Proposition 8.3 Let a(-) be as in ()8.5p . Then there are constants c, C > such that 

cn' 110 (lnlnn)~ ao/7 < e n (i? a{ ' ) : L p [0, 1] -»■ L p [0, 1]) < Cn"" 8 (lnlnn)"" 077 . (8.6) 



Proof: By choosing r := A 1 / 7 (in ( t^tz „ ) ) in (j7.6|) we obtain the upper bound in ()8.6 



, , ~ 1/7 

«0 In In In n 

By choosing r := A 1 / 7 (lnlnn)~ 1 / 7 in (|7.14p we obtain the lower bound in (|8.6p , □ 

Example 4. In contrast to the previous examples, this one relies not on Proposition 17.21 and 
Corollary 17.31 but on Proposition 15.21 and Theorem 15.31 respectively. Let a(-) be a function on 
(0, 1] with inf e < t <i a(t) > for each e > 0. If 

lim a(t) I In t\ = oo , 

t— 5-0 

then Theorem 15.31 implies that the operator R a ('> is compact in L p [0, 1], Moreover, by 

R a ^ = P [0 , r] R a ^P [0 , r] +P [rA] R a ^ 

it follows that 

en(.R a( - y ) < \\P [0 ,r] R a{ - ] P m \\ + en(P [r ,i] ^ (0 ) • 

Proposition 15.21 tells us that 1 1 P\o t r] R a ^ P[o,r] II < c su Po<t<r(^) ^ • Suppose now that q(-) is 
non-decreasing. Under this assumption Proposition 17. II yields 

Summing up, we arrive at 

e„{R a{ ' ] ) < c ( sup (2t) a W + n~ a( - r A (8.7) 

\0<i<T- / 

for each < r < 1. 

For < 7 < 1 regard now a(-) defined by 

lnt|" 7 : 0<t<e _1 
1 : e -1 <t<l. 



a(t) 

Applying ()8.7p with r = n _1 leads to 



Final remarks: To the best of our knowledge, in this paper for the first time continuity and 
compactness properties of fractional integration operators with variable order are investigated. 
Thus it is quite natural that some important questions remain open. Let us set up a list of the 
most interesting ones. 

1. In view of Propositions 17. ll and 17^41 the following question arises naturally. Let a(-) and 
/3(-) be two measurable functions such that a(t) < f3(t) for almost all t £ [0, 1]. Suppose 
furthermore ao = info<t<i a(t) satisfies ao > (1/p — l/<z)+, hence R a ^ is a compact 
operator from L p [0, 1] into L q [0, 1]. Does this imply 

e n (R^)<ce n (R a ^) 
with a certain constant c > only depending on p and q ? 
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2. If 1/2 < a < 3/2, then the classical Riemann-Liouville operator R a is tightly related to 
the fractional Brownian motion Bh where H = a — 1/2. The link between these two 
objects is the integration operator V a : L2QR) — > ^<x> [0, 1] defined by 

(V a f)(t) := -L f° [(< - a)*- 1 - (s) a - 1 ] f(s) ds, < t < 1 . 

More precisely, if (fk)k>l is an orthonormal bases in L2QR), then with S" 1 = i? a + y a it 
holds 

00 

B H {t) = c H Y,US a fk){t), 0<t<l, 
fc=l 

where (£&)fc>i denotes a sequence of independent standard normal random variables. 

The crucial point in this link is that V a has very strong compactness properties. Namely, 
as shown in [4] and [5], the entropy numbers e n (V a ) tend to zero exponentially. As a 
consequence, R a and S a are quite similar with respect to their compactness properties. 
Suppose now that a(-) is a function with 

1/2 < inf a(t) < sup a(t)<3/2. 

o<t<i 0<t<l 

Then V a (') is well-defined and one can prove that it is also bounded as operator from 
L2QR) into Loo[0, 1]. Moreover, as S a generates the fractional Brownian motion Bh with 
H = a — 1/2, the operator S a (' := R a ^ + T/ a () generates the so-called multi-fractional 
Brownian motion Bfj(.) with H(t) = a(t) — 1/2, see El [11]. But in order to relate R a ^ 
and S a (~', hence R a ^ and B^[.), one should know that the entropy numbers of V a ^ tend 
to zero faster than those of R a ^ . But at the moment we do not know whether this is true. 
At least, the methods used in the classical case do no longer work, some completely new 
approach is necessary. 

3. The methods developed in Sections [6] and [7] lead also to suitable upper estimates for the 
approximation numbers a n (R a ^) at least ifl<g<p<oo. It would be interesting to 
find such estimates as well for the remaining cases of p and q. Note that in contrast to 
e n (R a ) the behavior a n (R a ) depends heavily on the choice of p and q (cf. |10j). 



References 

[1] Adell, J. A., Gallardo-Gutierrez, E.A. (2007). The norm of the Riemann-Liouville operator 
on L p [0, 1]: a probabilistic approach. Bull. London Math. Soc, 39, 565-574. 

[2] Ayache, A., Cohen, S., Levy Vehel, J. (2000). The covariance structure of multifractional 
Brownian motion. In: Proc. IEEE international conference on Acoustics, Speech, and Signal 
Processing 6, 3810-3813. 

[3] Andersen, K.F., Sawer, E.T. (1988). Weighted norm inequalities for the Riemann-Liouville 
and Weyl fractional integration operators. Trans. Amer. Math. Soc, 308, 547-558. 

[4] Belinsky, E.S., Linde, W. (2002). Small ball probabilities of fractional Brownian sheets via 
fractional integration operators. J. Theoret. Probab. 15, 589-612. 



35 



[5] Belinsky, E.S., Linde, W. (2006). Compactness properties of certain integral operators 
related to fractional integration. Math. Z. 252, 669-686. 

[6] Benassi, A., Jaffard, S., Roux D. (1997). Gaussian processes and pseudodifferential elliptic 
operators. Revista Math. Iberoamer., 13, 1, 19-81. 

[7] Carl, B., Hinrichs, A., Rudolph, P. (2012). Entropy numbers of convex hulls in Banach 
spaces and applications. Preprint, arXiv : 1211 . 1559, 

[8] Carl, B., Stephani, I. Entropy, Compactness and Approximation of Operators. Cambridge 
Univ. Press, Cambridge, 1990. 

[9] Debicki, K., Kisowski, P. (2008). Asymptoticsc of supremum distribution of a(i)-locally 
stationary Gaussian processes. Stoc. Proc. AppL, 118, 2022-2037. 

[10] Edmunds, D. E., Triebel, H. Function Spaces, Entropy Numbers and Differential Operators 
Cambridge Univ. Press, Cambridge, 1996. 

[11] Falconer, K.J., Levy Vehel, J. (2009). Multifractional, multistable and other processes with 
prescribed local form. J. Theor. Probab., 22, 375-401. 

[12] Hardy, G.H., Littlewood, J.E., Polya, G. Inequalities. Cambridge Univ. Press, Cambridge, 
1967. 

[13] Hashorva, E., Lifshits, M., Seleznjev, O. (2012). Approximation of a random process with 
variable smoothness. Preprint, arXiv : 1206 . 125T1 

[14] Huang, Z., He, B. (2008). Volume of unit ball in a ra-dimensional normed space and its 
asymptotic properties. J. Shanghai Univ. 12, 107-109. 

[15] Kiihn, Th., Linde, W. (2002). Optimal series representation of fractional Brownian sheet. 
Bernoulli, 8, 669-696. 

[16] Li, W., Linde, W. (1999). Approximation, metric entropy and small ball estimates for 
Gaussian measures. Ann. Probab., 27, 1556-1578. 

[17] Linde, W. (2008). Non-determinism of linear operators and lower entropy estimates. J. 
Fourier Anal. AppL, 14, 568-587. 

[18] Lomakina, E. N., Stepanov, V.D. (2006). Asymptotic estimates for the approximation and 
entropy numbers of a one-weight Riemann-Liouville operator. Mat. Tr., 9, 52-100. 

[19] Pietsch, A. Operator Ideals. Verlag der Wissenschaften, Berlin, 1978. 

[20] Pietsch, A. Eigenvalues and s-Numbers. Cambridge Univ. Press, Cambridge, 1987. 

[21] Samko, S.G., Kilbas, A. A., Marichev, O.I. Fractional Integrals and Derivatives. Gordon and 
Breach, Amsterdam, 1993. 

[22] Samko, N., Samko, S., Vakulov, B. (2010). Fractional integrals and hypersingular integrals 
in variable order spaces on homogeneous spaces. J. Funct. Spaces Appl. 8, no. 3, 215-244. 

[23] Samko, N., Vakulov, B. (2011). Spherical fractional and hypersingular integrals of variable 
order in generalized Holder spaces with variable characteristic. Math. Nachr., 284, no. 2-3, 
355-369. 

[24] Samko, S.G. Differentiation and integration of variable order and the spaces L p (x). Proc. 
Conf. Operator theory for complex and hypercomplex analysis (Mexico City, 1994), 203- 
219, Contemp. Math., 212, Amer. Math. Soc, Providence, RI, 1998. 



36 



[25] Samko, S.G., Ross, B. (1993). Integration and differentiation to a variable fractional order. 
Integral Transforms and Special Functions, 1, No 4, 277-300. 

[26] Surgailis, D. (2006). Non-homogeneous fractional integration and multifractional processes. 
Stock. Proc. AppL, 116, 200-221. 

[27] Stein, E.M., Weiss, G., Introduction to Fourier Analysis on Euclidean spaces. Princeton 
University Press, Princeton, N.J., 1971. 



Mikhail Lifshits, 

Department of Mathematics and Mechanics, 
St. Petersburg State University, 
198504 St. Petersburg, Russia, 
email: mikhail@lifshits.org 



Werner Linde 

Friedrich-Schiller-Universitat Jena 

Institut fur Stochastik 

Ernst-Abbe-Platz 2 

07743 Jena, Germany 

email: werner.linde@uni-jena.de 



37 



